Deuteron correlation energy (DCE) of the valence proton-neutron subsystem is evaluated by utilizing a simple three-body model. We focus on the 6 Li and 18 F nuclei assuming the doubly-closed core and the valence proton and neutron. Two interaction models, schematic density-dependent contact (SDDC) and Minnesota potentials, are utilized to describe the proton-neutron interaction. Evaluating DCE, we conclude that the proton-neutron binding in 6 Li can be stronger than its counterpart of a deuteron in vacuum. On the other hand, in 18 F, the energetic correlation is remarkably weak, and does not favor the bound, deuteron-like configuration. This significant difference between two systems can be understood from a competition between the proton-neutron kinetic and pairing energies, which are sensitive to the spatial extension of the wave function. This result indicates a remarkable dependence of the deuteron correlation to its environment and the valence orbits.
I. INTRODUCTION
Deuteron (J π = 1 + , S = 1) is the only possible bound system of two nucleons in vacuum. This common sentence in nuclear physics indicates that, in the spin-triplet (isospin-singlet) channel, nuclear attraction is stronger than that in the spin-singlet (isospin-triplet) channel. In spite of this unique importance, the spin-triplet protonneutron (pn) subsystem in finite nuclei has been less investigated [1] [2] [3] [4] [5] [6] than the spin-singlet pair of the same type of nucleons [7] [8] [9] [10] .
Thanks to the recent developments of radioactive isotope-beam experiments, the access to the spin-triplet pn-pairing correlation in N = Z nuclei is getting possible. In these nuclei, in which the valence proton and neutron occupy the same major shell, pn correlation is expected to be very relevant. Comparing this proton-neutron subsystem with that in vacuum, a natural question arises: "Does a proton-neutron pair at the surface of the nucleus behave like a deuteron ?"
The answer to the previous question is, however, not simple to address [1, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In recent theoretical studies, it has been shown that the spin-orbit splitting is a key feature of the deuteron correlation in nuclei. Utilizing the labels, j ≷ ≡ l ± 1/2 to indicate the spin-orbit partners in the same shell, the pn correlation becomes enhanced when the energy gap between j > and j < is small [3, 18, 19] . Indeed, a strong spin-triplet pn coupling, possibly with spatial localization that indicates a sort of deuteron condensation at the surface of the nucleus, has been predicted [19] [20] [21] . In Ref. [21] , the importance of mixing with continuum states in the pn correlation was also shown. The quasi-deuteron configuration [13] , as well as the isospin-singlet condensate [5, 6] , in * Electronic address: toishi@pd.infn.it † Electronic address: fortunat@pd.infn.it heavy nuclei have been discussed with similar intents. It is worthwhile to remind that a similar discussion on the spin-singlet dineutron and diproton correlation has been also carried out [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] .
In spite of all the accumulated knowledge, it is still an open question whether the pn pair can be considered as bound or not in finite nuclei [41] . Especially, its dependence on the selected orbit(s) or on the stability of the whole system has not been clarified as yet. This information should be essential also for the phenomenology of the Gamow-Teller transition [42, 43] , nuclear magnetic mode [13, 14, 19] and meta-stable states [14, 15] .
In this article, we present a phenomenological evaluation of the so-called deuteron-correlation energy (DCE). We also investigate its sensitivity to the properties of finite nuclei by comparing two systems: 6 Li and 18 F. Concerning the first topic, we employ core-orbital three-body model, assuming a doubly-closed core plus the valence proton and neutron. Then, we evaluate the mean energy of the partial pn Hamiltonian, which can be well separated from the total energy. An advantage of our definition of DCE is that it becomes equivalent to the deuteron binding energy, if the pn subsystem is isolated. Thus, it gives us direct information on the changes that appear in finite systems with respect to the counterpart in vacuum.
For the second topic, we discuss the deuteron correlation in valence orbits in light N = Z nuclei, 6 Li and 18 F. By evaluating DCE in three-body systems, we can investigate the sensitivity of deuteron-like subsystem to its environment. Here we point out a qualitative difference between these two systems: in 18 F, the A = 17 corenucleon subsystem are bound, whereas this is not the case for the A = 5 subsystems of 6 Li. Thus, it is suitable to compare the deuteron correlation in systems where it is strongly or weakly bound. We also discuss the reliability of several interaction models, which play an essential role in the deuteron correlation problem. For simplicity, in this article, we utilize only the two-body interactions, which should be tuned for each subsystem.
In Sec.II, the formalism of our three-body model is presented. Our results and discussion for 6 Li are also summarized there. Section III is devoted to 18 F, with a comparison to 6 Li. Finally, in Sec.IV, we summarize the main points of this article, as well as the possible improvements for future studies.
II.
6 LI NUCLEUS
A. Three-Body Model
Our investigation starts with the 6 Li nucleus, employing the core-orbital coordinates, {r p , r n }, for the threebody system, α + p + n. The detailed formalism of these coordinates is summarized in Appendix. Within this framework, our three-body Hamiltonian is given as,
where i = p and n for the valence proton and neutron, respectively. Here, r i is the relative coordinate between the core and the i-th nucleon. Mass parameters are fixed as follows: µ i = m i m c /(m i +m c ), m p = 938.272 MeV/c 2 , m n = 939.565 MeV/c 2 , and m c = 3727.379 MeV/c 2 (α-particle mass). Namely, h i is the single particle (s.p.) Hamiltonian between the core and the i-th nucleon.
The core-nucleon potential is taken as
where the Coulomb potential of an uniformly charged sphere with radius R 0 is included for the core-proton subsystem only. For nuclear force, a Woods-Saxon plus spin-orbit potential is employed as
where f (r) is a standard Fermi profile. In this paper, we adopt the parameters as R 0 = r 0 · 4 1/3 , r 0 = 1.25 fm, a 0 = 0.65 fm, V 0 = −47.4 MeV, and U ls = −0.4092V 0 r 2 0 [30, 44] . From phase-shift analysis, we confirmed that this parameter set fairly reproduces the empirical α − n and α − p scattering data in the (p 3/2 )-channel [45] [46] [47] , as summarized in Table I .
We expand the relevant pn-states on an uncorrelated basis, that is the tensor product of proton and neutron states:
where κ is the shorthand label for all the quantum numbers of the proton states, {n p , l p , j p , m p }, and similarly with λ for neutron states. Those include the radial quantum number n, the orbital angular momentum l, the spincoupled angular momentum j and the magnetic quantum number m. Each s.p. state satisfies,
where κ(λ) is the single-proton (neutron) eigen-energy. Notice that these states describe the A = 5 unbound systems, 5 Li and 5 He. We employ the s.p. states up to the (h 11/2, 9/2 )-channel (l max = 5). We confirmed that this truncation provides a sufficient convergence of the ground state energy of 6 Li. In order to take into account the Pauli principle, we exclude the first (s 1/2 ) state occupied by the core nucleus. The continuum s.p. states are discretized in the radial box of R box = 20 fm. We also fix the energy cut-off, E cut = 15 MeV, in this article. Because we limit our investigation to the low-energy region only, this truncation of model space indeed provides a sufficient convergence for our results.
B. Proton-Neutron Interactions

Schematic Density-Dependent Contact Interaction
For pn subsystem, we employ two simple interaction models in this article. Our first choice is the so-called schematic density-dependent contact (SDDC) potential [17, 19] . That is,
where η is an adjustment parameter. We utilize the same density profile, f (r), in Eqs. (3) and (7), in order to take the schematic density-dependence into account. Notice that w(r → 0) = w 0 for an isolated proton-neutron pair from the core. Thus, its bare strength, w 0 , should be determined consistently to the energy cutoff, E cut , and the vacuum scattering length, a
or equivalently,
where
The superscripts S = 0 and 1 indicate the spin-singlet and triplet channels, respectively.
In Fig.2 , the relationship between the bare strength and the vacuum scattering length is presented. Empirical values are a (S=0) v = −23.748 fm and a (S=1) v = 5.424 fm for the spin-singlet and triplet channels, respectively [49, 50] . Since neutron and proton can become bound in the spin-triplet channel, a (1) v is positive finite, and its corresponding bare strength, w 0 −2600 MeV·fm 3 for E cut = 15 MeV, provides a strong attraction in vacuum. On the other hand, in the spin-singlet channel, a (0) v stays negative and the pairing attraction is incapable to bind the pn system.
In this article, we only deal with the J π = 1 + configuration. Thus, from angular momentum algebra, the spin-singlet component of the pn-interaction can be neglected [17] .
Minnesota Interaction
As our second option, we employ the spin-triplet Minnesota potential for the pn subsystem [32, [51] [52] [53] [54] . Using the spin-triplet projection,P S=1 , that is, where V r = 200 MeV, V t = −178 MeV, K r = 1.487 fm −2 and K t = 0.639 fm −2 [51] . This potential correctly reproduces the deuteron binding energy, 2.2 MeV, for the isolated pn system.
C. Ground State of 6 Li
We solve the ground state (g.s.) of 6 Li by diagonalizing the three-body Hamiltonian. This leads to the solution,
with expansion coefficients, {U M }. Here M = {κ, λ} is the simplified label for the uncorrelated basis. In our computation, M max 200 basis states are employed. From experimental data [45, 47] , the three-body separation energy is,
In order to reproduce this empirical energy, we employ η = 1.27 for the SDDC potential in Eq. (7). With the Minnesota potential, on the other hand, its original parameters fail to reproduce the empirical energy, with a positive deviation of almost 1 MeV. Namely, for the fitting, we need an enhancement of the pn attraction. Thus, in addition, we repeat the same calculation but with the enhancement factor, f = 1.13. That is, Adjustment of vp−n η = 1.27 η = 1.44 This modification, of course, leads to an inconsistency with the deuteron energy in vacuum. In Table II , our results with the SDDC and Minnesota interactions (original and fitted) are summarized as "Li-S", "Li-MO", and "Li-MF" sets. Generally, they well coincide with each other. One can find that both pn interactions play a major role: the mean pn interaction energy, v p−n , shows deeply negative values within the g.s. solutions.
The mean opening angle of pn, θ pn , is less than 90 degrees in the three cases. This indicates a spatial correlation between two nucleons [21] . Indeed, as shown in Ref. [30] , this is a product of the mixture of different parities with respect of the core-nucleon subsystems: if one employs only the odd or even-l states in the uncorrelated basis, the resultant mean opening angle should be exactly 90 degrees, lacking the spatial correlation. In our present result, however, this angular correlation is weak compared with the isospin-triplet dineutron or diproton correlation [26, 30, 35, 55] . This is consistent with the fact that the contamination from channels other than (p 3/2 ) and (p 1/2 ) is minor in this system.
Comparing the original and enhanced Minnesota cases, indicated by Li-MO and Li-MF in Table II , the pn interaction potential is more attractive in the latter case. This is simply due to our fitting manipulation to the empirical binding energy. However, the above structural information is qualitatively similar, and we conclude its weak sensitivity to the binding energy.
D. Deuteron Correlation Energy
In order to evaluate the deuteron correlation energy (DCE), it is more convenient to work with the T-Jacobi coordinates. Namely, we can transform our core-orbital coordinates, {r p , r n }, to the T-Jacobi ones, {ξ p−n , ξ c−pn }, as seen in Fig. 3 . Exact formulas can be found in Appendix. In these T-Jacobi coordinates, our three-body Hamiltonian is decomposed as,
Core-orbital coordinates (left) and T-Jacobi coordinates (right).
with two terms,
where π p−n is the relative momentum between the valence proton and neutron. Thus, h p−n is exactly the pn-subsystem Hamiltonian, including the SDDC or Minnesota interaction. By taking the expectation value, h p−n , we can evaluate the deuteron correlation inside the three-body system. For the pn system in vacuum, this expectation value of the ground state is, of course, the binding energy of deuteron. In the following, we employ h p−n as the definition of DCE. Note that, in some literature [18, 21] , one can find several other definitions of DCE.
The result is displayed in the lower half of Table  II . There, we also tabulate the mean kinetic energies, π 2 p−n /2µ p−n and π 2 c−pn /2µ c−pn . Notice that h p−n = v p−n + π 2 p−n /2µ p−n from our definition. Thus, DCE is the outcome of the competition between pairing and kinetic energies, which are negative and positive, respectively. The dependence of these terms on the selected environment is indeed the core of our problem.
From the DCE values, it can be concluded that the deuteron subsystem in 6 Li gets an extra binding with respect to its vacuum counterpart, −2.22 MeV. This is a common feature in both Li-S, Li-MO, and Li-MF cases.
In the original Minnesota case (Li-MO), we emphasize that its parameters are correctly fitted so as to reproduce the binding energy, −2.22 MeV, if in vacuum. Even when using the same parameters, however, an enhancement of DCE around the core nucleus is not negligible. Thus, our result provides a typical case study, showing how the partial two-body system is affected by the presence of the third cluster.
Beside these interesting results, however, we should face one shortcoming, namely the instability problem in the core-pn channel: the expectation value, h c−pn , is positive both in the SDDC and Minnesota cases. Thus, the core-pn subsystem should be unbound with our parameters. To remedy this problem, we employ a slightly deeper Woods-Saxon potential for the core-nucleon channels: V 0 = −49.0 MeV in Eq.(3), whereas the other parameters are not changed. With this potential, the corenucleon levels are slightly deviated from the experimental data, but the whole picture still keeps a qualitative consistency: both core-proton and core-neutron states are broad resonances, as seen in Table I (V 0 = −49.0 MeV).
In "Li-S2" and "Li-MO2" sets in Table II , our results with the deeper core-nucleon potential are summarized. In order to reproduce the three-body binding energy there, the SDDC interaction needs to be refitted (η = 1.44), whereas the Minnesota can be unchanged from its original value. Eventually, the core-pn channel is stable with negative mean energies. Furthermore, also in these cases, our previous statement can be kept: the pn subsystem is more strongly bound (about 50 %) than in vacuum. Consequently, in all the calculations we have performed, an enhancement of DCE has been observed.
E. Geometric Structure
In order to evaluate the spatial extent of the wave function, we compute the mean relative distances, ξ 2 p−n and ξ 2 c−pn . From Appendix, the corresponding operators are given by
Thus, the mean distances depend on r 2 p,n and r p · r n . Especially for ξ 2 p−n , if the total three-body system is loosely bound with an extended wave function, this value is also large, but with a notable exception: when the resultant pn-opening angle is sufficiently narrow, then ξ 2 p−n 0. At the bottom of Table II, our results are tabulated. Comparing those with the kinetic energies, one can find a common feature: when the relative distance gets narrow, its corresponding kinetic energy increases. This can be naturally understood from the uncertainty principle between the relative coordinates and the conjugate momenta.
For the comparison with another system, 18 F, in the next section, we point out a general feature of DCE. When the total three-body system is loosely bound, the pn-relative distance, ξ 2 p−n , is large if cos θ pn 0, and consistently, the kinetic energy, π 2 p−n /2µ p−n , becomes small. Consequently, the pn subsystem can get energetically "stable", in spite of the loose stability of the whole system. In 6 Li, indeed, this kinetic energy is not sufficient to overcome the pairing energy, and thus, the pn subsystem is quite deeply bound.
Finally, concerning the more realistic computations, of course, we admit that further optimization may be considered. Those include the exact treatment of the continuum levels in the core-nucleon channels [15, 54, [56] [57] [58] [59] [60] , as well as the tensor and spin-orbit components in the pn interaction [1, 61] . Those are, however, technically demanding and beyond the scope of our present model.
III.
18 F NUCLEUS For the core-nucleon interaction, we again adopt the Woods-Saxon potential, where Coulomb term is added only for the s.p. proton states. In Eq. (2), some parameters are changed: in our default set, R 0 = r 0 · 16
, and U ls = 24.9 MeV·fm 2 , while r 0 and a 0 are unchanged. In correspondence, the density profile, f (r), in the SDDC pn interaction is also changed.
Additionally to the default set, in Sec. III C, we also employ pf -mixture Woods-Saxon potential. There, its depth parameter is modified only for the odd-l channels:
In Table III , the core-nucleon levels are summarized. Our parameters fairly reproduce the experimental s.p. levels both in the proton and neutron channels. For resonant channels, we also checked the width as obtained from the phase-shift analysis. These results approximately coincide with other theoretical models [17, 21] .
Because of the well-determined s.p. levels, in contrast to the case of 6 Li, we cannot modify the core-nucleon potentials for the major sd-shell. Thus, in order to reproduce the three-body binding energy, the only adoptable way is to modify the pn interaction parameters. For 18 F, this binding energy is measured as 9.75 MeV [47] . Thus, the SDDC pn-pairing interaction is re-adjusted with η = 1.32. For the Minnesota interaction, on the other hand, we need a reduction factor, f = 0.67, to reproduce this empirical energy similarly to Ref. [21] .
B. Ground State of
18 F
In "F-S", "F-MO", and "F-MF" sets in Table IV , our results are summarized in the same manner as for 6 Li. Generally, pn pairing makes a major contribution also in 18 F. The mean pn interaction energy, v p−n , exhausts 85 % of the three-body binding energy in the F-MO case, whereas it amounts to 70 % in the other two cases.
Checking other results in the three cases, the structural properties are similar, and not too sensitive to the specific pn interaction models. There is a small amount of pn-angular correlation, but not very significant. This corresponds to a small mixing of the sd-shell with other orbits. Because of the heavy core, the recoil-term energy is almost negligible in this system. The mean relative distances also show similar values, independently of the pn interactions. These values are well consistent with the results in Ref. [17] . 47] .
Adjustment of vp−n η = 1.32 η = 1.437 
C. Energy and Spatial Correlations
When evaluating the DCE, however, the situation becomes contrary to the initial guess of the strong deuteron correlation. First, in the original Minnesota case (F-MO), DCE is smaller than the value in vacuum. Namely, the bound sd-shell hardly supports the pn-energy correlation. Furthermore, comparing this DCE with other two cases (F-S and F-MF), where the pairing parameters have to be adjusted, a drastic change occurs. In the F-S and F-MF cases, the pn-subsystem is unstable around the core, because DCE is positive. This coincides with the reduction of the pairing attraction strength to achieve the empirical binding energy. Indeed, the reduced Minnesota force does not support the spin-triplet pn-bound state in vacuum: E v (d) > 0. Note also that, even with the positive DCE value, the whole system can still be stable, as long as h c−pn is sufficiently negative.
Until this point, within our simple two-body interaction models, there has been no indication of an enhancement of DCE in 18 F, showing a remarkable difference from 6 Li. Also, the opening-angle or equivalently the spatial correlation is not significant. The latter result is in contrast to Ref. [21] . In order to reproduce the spatial pn correlation, and to investigate its effect on DCE, we replace the Woods-Saxon potential with the pf -mixture version. With this potential, as shown in Table III , the odd-l states become closer to the Fermi surface, and thus, a certain degree of mixing with the g.s. solutions is more easily realized.
In sets "F-S2" and "F-MF2" of Table IV , our results with the pf -mixture potential are given. Indeed, we can find an increase of the odd-l contamination. Consistently, the opening angle can get closer with this potential, as we expected. Note also that, for the three-body binding energy, pn-pairing interactions are re-adjusted. In these cases with a significant spatial correlation, however, the pn subsystem is not bound in 18 F. Furthermore, its instability becomes enhanced compared with the default Woods-Saxon cases (F-S, F-MO and F-MF), as indicated by the increase of DCE.
The instability of the pn subsystem in the presence of spatial localization can be understood from the uncertainty principle. When the pn subsystem becomes concentrated with the narrow distance, ξ p−n , the density distribution with respect of its conjugate momentum, π p−n , should be dispersed. This leads to the enhancement of the relative kinetic energy, π sufficiently large to win the pn-pairing attraction, v p−n . Consequently, the positively large DCE can be attributed to the localized distribution of the probability density. Notice also that a good contrast with the wide distribution can be found in 6 Li, where the total system is loosely bound compared with 18 F.
D. Complementary Discussions
Before closing our discussion, we present a further comparison of 6 Li and 18 F nuclei, regarding the pncorrelation dependence on its environment. It is also profitable to check the reliability of interaction models, as well as its possible improvement.
First, we focus on the original Minnesota cases in two systems, Li-MO2 and F-MO, as shown in Fig. 4 . Here we emphasize that the pn interaction operator is exactly identical (Minnesota with f = 1). In these cases, the mean pairing energy, v p−n , clearly depends on the systems. This result reflects the effect of the different spatial distributions: for the short-range attraction like the pn interaction, its expectation value becomes more negative when the spatial distribution is more localized.
In Fig. 4 , the sensitivity of v p−n to the spatial distribution is, however, less drastic than that of the relative kinetic energy, π 2 p−n /2µ p−n . This fact causes the stronger DCE of 6 Li than that of 18 F. Notice also that these two terms in h p−n depend on the spatial distribution, but in the opposite ways: when the mean distance, ξ 2 p−n , gets narrow ( 6 Li −→ 18 F), v p−n and π 2 p−n /2µ p−n become negatively and positively enhanced, respectively.
In sets "F-MF" and "F-MF2" in Table IV , in order to reproduce the binding energy of 18 F, the pn-interaction should be reduced, whereas the pn-kinetic operator is common for both 6 Li and 18 F. Consequently, in all the cases we performed, the resultant DCE is deeper in the weakly bound p-shell system, 6 Li, from the competition between the two energies.
In the Li-MF and F-MF cases, for the Minnesota force fitted to the empirical energies of 6 Li and 18 F, the behavior goes in opposite directions:
6 Li requires an enhanced version of V (S=1) Min , whereas 18 F needs a reduced potential. To avoid this case-dependent tuning, it may be necessary to improve this pn interaction model for future studies.
With the SDDC interaction model, on the other hand, we could employ a similar adjusted parameter, η, in both nuclei. This advantage comes from the schematic density dependence, where the medium effect can be phenomenologically taken into account. Even with this systematically reliable pn interaction, consequently, our results show that there is a strong contrast between these two nuclei: the pn subsystem becomes unbound in 18 F, whereas it gets deeply bound in 6 Li.
IV. SUMMARY
We proposed a direct procedure to evaluate the intrinsic deuteron correlation in terms of the subsystem energy. By implementing this procedure into a three-body model with simple two-body interactions, we discussed the pn correlation in weakly and strongly bound nuclei. From our results, a remarkable sensitivity of DCE to its environment is concluded: the pn subsystem is more deeply bound in 6 Li than in 18 F. This can be mainly understood from the uncertainty principle between the spatial and momentum distributions: because 6 Li is a loosely-bound three-body system, its pn-spatial (momentum) distribution can be dispersed (concentrated), and thus, the mean pn-kinetic energy, π 2 p−n /2µ p−n , gets reduced. The comparably small contribution of the pnpairing energy, v p−n , of the SDDC or Minnesota interaction model is not sufficient to support a strong pn binding in 18 F. Our conclusion provides a phenomenological benchmark to discuss the pn correlation in various situations or/and systems.
There remains several tasks for future studies, toward the phenomenological improvement of our model analysis. The first possible expansion is to implement the spin-orbit or/and tensor forces in the pn interaction [1, 54, 61] . The sophisticated treatment of continuum states may be also profitable for further realistic models [15, 54, [57] [58] [59] [60] [62] [63] [64] [65] . In order to precisely discuss the spatial pn correlation [20, 21] , taking the exchange effect of valence particles into account might be required [66] . With these possible improvements, a further evaluation of DCE, covering other systems with different spa-tial extensions, could be reported in future. The modeldependence of the pn-pairing energy also needs to be regarded carefully.
Another direction of progress is, as suggested in Ref. [22] , the deuteron emission within a time-dependent framework [34, 55, [67] [68] [69] [70] . From this process, including the pn-pair tunneling [71, 72] , it has been expected that direct information on the pn interaction and possibly on correlations could be extracted.
